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A NOTE ON THE GROWTH OF REGULARITY WITH RESPECT TO
FROBENIUS
WENLIANG ZHANG
Abstract. Let R = k[x1, . . . , xn]/I be a graded k-algebra where k is a field of prime characteristic
and let J be a homogeneous ideal in R. Denote (x1, . . . , xn) by m. We prove that there is a constant
C (independent of e) such that the regularity of Hsm(R/J
[pe]) is bounded above by Cpe for all e ≥ 1
and all integers s such that s+1 is at least the dimension of the locus where R/J doesn’t have finite
projective dimension.
1. introduction
Let S = k[x1, . . . , xn] be a polynomial ring over a field k of characteristic p > 0 with the standard
grading. Let m be the irrelevant maximal homogeneous ideal of S. For each graded artinian S-module
N , we set a(N) := max{j | Nj 6= 0}. And the Castelnuovo-Mumford regularity of a finitely generated
graded S-module M is defined as
reg(M) := max{a(Hjm(M)) + j | j ∈ Z}.
For each ideal a of S, let a[p
e] denotes the ideal generated by {rp
e
| r ∈ a}. [Kat98] asked the
following question:
Question 1.1. Let I, J be graded ideals of S. Does there exist a constant C such that reg( S
I+J [pe]
) ≤
Cpe for all e ≥ 1?
When such a constant exists, we say that reg( S
I+J [pe]
) grows linearly with respect to pe (or with
respect to Frobenius). While the original motivation behind Question 1.1 concerns whether tight
closure commutes with localization at a single element, it was discovered in [KZ14] that a positive
answer to Question 1.1 will imply that the F -jumping coefficients of any ideal in a finitely generated
k-algebra are discrete. A positive answer to Question 1.1 is known in some cases; for instance, when
dim(Sing(S/I) ∩ V (J)) ≤ 1 ([Cha07], [Bre05], [KZ14]) and when S/I has finite graded Frobenius
representation type ([KSSZ14]).
Let R = k[x1, . . . , xn]/I be a standard graded ring over a field k of characteristic p > 0 and
m = (x1, . . . , xn). Let F : R −→ R denote the Frobenius endomorphism and F
e
∗R denote the target of
F e. For each e ≥ 1, the R-module F e∗R is graded via
deg(F e∗ r) =
1
pe
deg(r)
for every homogeneous element r ∈ R. Consequently, for each graded R-module M , the R-module
M ⊗R F
e
∗R is graded by deg(z ⊗ F
e
∗ r) = deg(z) +
1
pe
deg(r).
Our main result is the following theorem:
Theorem 1.2. Let R = k[x1, . . . , xn]/I be a standard graded ring over a field k of characteristic
p > 0 and M be a finitely generated graded R=module. Set
Npd(M) = {p ∈ Spec(R) |Mp does not have finite projective dimension over Rp}.
Then there is a constant C such that
a(Hsm(M ⊗R F
e
∗R)) ≤ C
for all s ≥ dim(Npd(M))− 1 and all e ≥ 1.
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An immediate corollary is:
Corollary 1.3. Let R = k[x1, . . . , xn]/I be a standard graded ring over a field k of characteristic
p > 0 and J be a homogeneous ideal of R. Then a(Hsm(R/J
[pe])) grows linearly with respect to pe for
each s ≥ dim(Npd(R/J))− 1.
In particular, a(Hsm(R/J
[pe])) grows linearly with respect to pe for s ≥ dim(R/J)− 1.
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2. Proof of Theorem 1.2
Remark 2.1. It is well known that there is a degree-preserving isomorphism Rf ⊗R F
e
∗R
a⊗r′ 7→ap
e
r′
−−−−−−−−→
F e∗Rf for each homogeneous element f ∈ R. Consequently, we have
Hjm(F
e
∗R)
∼= F e∗H
j
m(R).
Let a(Hjm(F
e
∗R)) denote max{ρ ∈ Q | H
j
m(F
e
∗R)ρ 6= 0}. It follows immediately from Remark 2.1
that
Proposition 2.2. a(Hjm(F
e
∗R)) =
1
pe
a(Hjm(R)).
Lemma 2.3. For each finitely generated graded R-module M , there is a constant Cij (independent
of e) such that a(ToriR(H
j
m(F
e
∗R),M)) ≤ Cij for all e.
Proof. Let F• be a graded free resolution of M . Write F i = ⊕niR(αni). Then
F i⊗RH
j
m(F
e
∗R)
∼= ⊕niH
j
m(F
e
∗R)(αni).
The conclusion now follows from Proposition 2.2. 
Consider the complex C• which is the Cˇech complex associated with x1, . . . , xn with the indices
reversed as follows:
0← C0 ← C1 ← · · · ← Cn ← 0
where Cj = Cˇn−j(x;R). Hence H
j(C•⊗RN) = H
n−j
m (N) for each R-module N .
Let M be a finitely generated graded R-module and F• be a graded free resolution of M . Consider
the double complex C•,•:
...

...

0 F2⊗R C0⊗RF
e
∗Roo

F2⊗R C1⊗RF
e
∗Roo

· · ·oo
0 F1⊗R C0⊗RF
e
∗Roo

F1⊗R C1⊗RF
e
∗Roo

· · ·oo
0 F0⊗R C0⊗RF
e
∗R
oo

F0⊗R C1⊗RF
e
∗R
oo

· · ·oo
0 0
Note that C•,• depends on e.
Lemma 2.4. For each integer α, there is a constant Cα (independent of e) such
a(Hα(Tot(C•,•))) ≤ Cα.
A NOTE ON THE GROWTH OF REGULARITY WITH RESPECT TO FROBENIUS 3
Proof. It is clear that C•,• is a first quadrant double complex and hence it induces two spectral
sequences both of which converge to the homology of the total complex ([Wei94, § 5.6]). One of these
spectral sequence comes from taking homology horizontally first and then vertically, whose E2-page
is given by TorRi (H
j
m(F
e
∗R),M). Since H
j
m(F
e
∗R) = 0 for all j ≥ d+1 with d = dim(R), the E
∞-page
is the same as the Ed+1-page. Hence there are only finitely many Tor
R
i (H
j
m(F
e
∗R),M) contributing
to Hα(Tot(C•,•)) for each integer α. Lemma 2.3 finishes the proof. 
To prove our main result, we need the following theorem due to Peskine-Szpiro [PS73]:
Theorem 2.5 (Peskine-Szpiro Acyclicity Lemma). Let R be a noetherian commutative ring of char-
acteristic p > 0 and N be a finite R-module. If N has finite projective dimension, then
TorRi (F
e
∗R,N) = 0
for all i ≥ 1 and all e.
Recall that Npd(M) denote the locus where M does not have finite projective dimension, i.e.
Npd(M) = {p ∈ Spec(R) |Mp does not have finite projective dimension over Rp}.
Proof of Theorem 1.2. We consider the other spectral sequence induced by the double complex C•,•,
i.e. by taking homology vertically first and then horizontally:
E2i,j = H
n−i
m (Tor
R
j (F
e
∗R,M))⇒ Hi+j(Tot(C•,•)).
The differential coming into Hsm(M ⊗RF
e
∗R) = E
2
n−s,0 is 0 since E
2
n−s+2,−1 = 0. Set dim(Npd(M)) =
t. We can see that dim(Tor1(F
e
∗R,M)) ≤ t by Theorem 2.5. Hence, if s ≥ t − 1, we have
Hs+2m (Tor1(F
e
∗R,M)) = 0 which implies that the differential going out of H
s
m(M ⊗R F
e
∗R) = E
2
n−s,0
is also 0. Therefore, if s ≥ t− 1, we have
Hsm(M ⊗R F
e
∗R) = E
∞
n−s,0.
According to Lemma 2.4, there is a constant Cn−s such that a(Hn−s(Tot(C•,•))) ≤ Cn−s. Since
E∞n−s,0 is a subquotient of Hn−s(Tot(C•,•)), one can see that
a(Hsm(M ⊗R F
e
∗R)) ≤ Cn−s.
This finishes the proof. 
Proof of Corollary 1.3. It is well known that there is a degree-preserving isomorphism of F e∗R-modules
(hence R-modules):
R/J ⊗R F
e
∗R
r¯⊗r′ 7→rp
e
r′
−−−−−−−−→ F e∗R/J
[pe]
for each graded ideal J of R, where the grading on F e∗M is given by deg(F
e
∗ z) =
1
pe
deg(z) for any
graded R-module M . It follows from Theorem 1.2 that there is a constant C such that
a(Hsm(R/J ⊗R F
e
∗R)) ≤ C
for each s ≥ dim(Npd(R/J))− 1 and all e ≥ 1. Therefore,
a(Hsm(R/J
[pe])) = pea(F e∗H
s
m(R/J
[pe])) = pea(Hsm(F
e
∗R/J
[pe]) = pea(Hsm(R/J ⊗R F
e
∗R)) ≤ Cp
e
for each s ≥ dim(Npd(R/J))− 1 and all e ≥ 1. 
Remark 2.6. Since Npd(R/J) ⊂ Sing(R) ∩ Supp(R/J), Corollary 1.3 recovers [KZ14, 3.5].
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